1999 Mu Alpha Theta Tennessee Bowl
Alpha Division

Individual Questions B R - :
- o ( n+3,ifnisodd
1. A function f from the integers to the integers is defined as follows: f (n)=

- ' —,if nis even

Suppose k is odd and £( £ £(k)))=125. What is the sum of the digits of k?

Answer; 20 | £+ 3 ' .k 3'

Solution: Sincek is odd, the f(k)=k + 3; smcek+315eventhenf(k+3)- 5 . If ; is
even , then f( £ . 3 )= K13 135 k+3=500,k =497 The sum of the digits 4 + 9 +7 = 20 If
k+3 k3 k+3

is odd, then f( 3 )= 5 + 3 =125; k=45. This value does not work

fOE(f(45)))=1(f(48))=f(24)=12

2. Find the two smallest positive Values of x , in'radians, if0 <x < 2n wh1ch makes the foliowmg true.
Csc?x+Sec?x=8

Answer:; E,ﬂ
8§ 8 B s s
- l +~ 1 ="3;- Cos” x + Sin”x = §; 1=85in2xCo§:2'x“;‘ gL Sin?x Cos*x
Sin’x  Cos’x Sin?x Cos®x 8
+ té— =8inx Cosx ; ‘/— =2 8Sinx Cosx ; t‘/_ Sin2x; 2x = % x'ig.; 2x=—3£— Jé=%—;

CIf f(x)=ax*+bx+ c find the ordered tnple (a, b, c)of the quadratlc function whose graph contains the
pomts(l 4),(-1, 14) (0,6).

Answer: (3,-5,6)
Solution: Starting with ( 0, 6 ) you will find that ¢ =6. Then usmg (1,4, you getd=a+b+6oratb=-2
Using(~1,14)youget 14=a-b+6 or a-b=8 Solvingthesystemyougeta=3,b=-5



4. Factor completely under the real numbers: X7 + X*- X'+ X> - X?-1 |

Answer (X - I X X2+ X+ 1P (X2-X+1)

Solution: (X' +X*+X*)+(-X*-X2-1)

X (X+X+1)-1(X+X+1)
(X-1H)(X+X+1) _
(X-1XX+X+ 1) (X -X+1)(X2+X+1)
(X-1)XP+X+1)P(X2-X+1)

Group Questions
5. IFAC=58cm, AX=5.1 cm, BY = 6.3 om, X is the midpoint of

segment BC and y is the midpoint of segment AC. Find the perimeter of
triangle AYZ? , _ '

Answer: 84 o :
‘Solution: BY and AX are medians. AX=15.1

AZ= %(5.1)-__3.4 BY =63 =»ZY=%(6.3):2.1' Y is the midpoint . A

of AC Then AY =5(58)=29 Perimeter=29+21+34=84

6. An infinite geometric series has a sum of 8.'If the sum of the first two terms is 2, find the first term(s).

Answer: 8-4y3, 8+4(3
Solution: In an infinite géometric series, A+ A, + A+ .. Ay+A=2 A+Ar=2;

. : S ' J 4, :
8-8r+r(8-8r)=2; -82=-6; r=:i:—3 S I P _A1=8—4\/3; 3
1-¥3 o
A : 2
8:——"“!‘“‘;‘41:8*41/3_
1+ 3 -




P

" 7. Ifnisa positive integer, D (n) is the sum of the squares of the positive divisors of n. Thus, D (1) = i and
- D(4)=1°+22+4=21. What is the smallest positive integer n such that D (n) is at least 1999?

Answer:.40 _ o "'_? RO | B - .
Solution: Using the fact that D (mn) = D(m) D(n) when (m,n) = 1, we see that D(40) = D(8)D(5) = (85)(26)=

2210, while D(n) < 1999 for n < 40

8. A 12 member search team is to search the square arca shown. Groups =~ [ N | B
of three are selected at random to cover each of A, B, C, and D. Find the
probability that Peter, Paul, and Mary of the group are selected and they . C

search any area NOT D. Express answer as a fraction in simplest form.

Answer: 3
220 _ o B
Solution: There are 1—92 appropriate places for Mary. The fact that Peter and Paul must follow would be
2 and ~1— respectively. . 2.2.1_3
11 10 12 11 100 220

9A. Find the product of : .:: m : \/2—(31/__5 . W '?(;/i—3  \'

Answer: 6 _ - _- _
_ ‘ R L I T |
Solution:  Y3(V2) - Y2(V3) - Y2y - Y3 =37-26.22.35.23.35.35 .23 -6
. : " 42:l+l +24n+1

-9B. Simplify the expression: :
Answer 16 -

. 42n+1 ._;_.24n+1 . 24.u+1 ;24::-»1 n '24;(22 +2) .{‘n ' :
Solution: ., =" 6. = = S =24 =16

10A. Find the solution set in the form of a + bi of the following equation.

Cix?-(3+6i)x-1+9i=0



10A Find the solution set in the form of a + b1 of the followmg equatlon.
-(3 +61)x 1+49i=0

Answer: 5-4i;1+i
Solution: Usmg the quadratic formula

_ 3460+ (3+60) - 4(DN(- 1+9:) _ 3+6ix49+40i _

2 o ) 2i
3e6ix(5+4i) 8+10i g . ako 220 q.
2i 2i _ ' 2i :

10B. Given log2=a, log3=b, andlog 7 =c, find log ( 10 interms of a,b,andc.

Answer:6a+4b+c+2
Solution: 10g60‘)=10g( 10-9-8-7-6-5:4-3-2 1)""
log10+210g3+310g2+iog7+(10g2+log3) (10g10—10g2)+2log2+log3+log2+Iog1-"

fa+4b+c+2

11A. Find the value of Cos 2x - Sin ( 90 ° + x ) if Tan x = - % and Sin x> 0.

Answer; 2
25

Solution: Since Tan x = —% and Sin x>0 , then Cosx?-:;- and Sin x = % Cos 2x =Cos * X - Sin? x

dp_3po16 9 T
(=3) () 257

%5 ; Sm(90+x) Sln90°-Cosx+Cos90°-Smx— —% '




~ 11B. Find the value of —1an140° Tan70°
I - Tan140° « Tan70°

F

Answer:

5

Tan140° Tan70°
1 - Tan140° - Tan70°

Solution:

—Tan (140 ° + 70 ° ) =Tan 210 ° = g

11C. Find Arccos { Sin 341‘- ) in radians.

Answer: —3;-
Solution: Sin-s—?E -t _ Arccds( 1 )= 3n
¢ vz R
11D. Find the value of Cos{2 Arcsin( —-:;- )]
Answer: L
25 ,
Solution: Cos (2x)=1-28in?x=1-2(-2)?=1-2(=)= -~
5 25 25

12A. Simplify: |
3 z?
(47 -ﬁﬁ»«(%)’ 1+(27)

1
3

Answer: 4

B . |
| Ssolution:  [472 -_m+(%)3 1+(27)

1
3

= [5-20+4]+3 = (20020 1 a] 3 =12 1 4] 3 24



B i e

| -1
12B. Sotve: 2y/x+2x? =5

4 ' .

- Answer: —1-,
4 -1 - : .
Solution: 2% +2x? =5 . 2/i+-2-5=0 2x+2-5/x=0
2yx-1)(/x-2)=0 'x=% x =4

12C. When the following expression is simpliﬂed via rationalizing the denominator, the denominator becomes
what? : : '

-3
2(Y3) + V3
Answer: 29 R o SR S o \)
Solution:  (2(/3) + V5)(4(9) - 2(/T5) + ¥3) = . | S
8(/27) - 4(VT) + 2(V75) + 4(V35) - 2(/75) + 5 29

12D. If f(41)=i,f(2)=3i,f(n+1)=2f(n)-%'(n'-1)'fdrnzz, find£(1999). -

~ Answer: - 39971 ' S
Solution: £ (1) =1, £(2)=3i, f(3) = 5i, £ (4)=7i, f(n) = (2n-1)i  Therefore, £(1999)=3997 i






